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General conditions are presented for an m-stage Runge-K utta—Nystrom fitting to exponen-
tial and trigonometric functions. As an example an 8th order Runge—Kutta—Nystrom method
is constructed. Numerical results on the numerical solution of the Schrédinger equation and
related problems indicate that the new method is more accurate than the classical one (we
call classica Runge—Kutta—Nystrém method the corresponding method with constant coeffi-
cients).
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1. Introduction

An investigation of specia Runge—-Kutta—Nystrom (RKN) method of Dormand
et a. [1] for the investigation of systems of ODESs of the form

d?u(r)
gz = (), (1)

for which it isknown in advance that their solution is periodic or oscillating, is presented
in this paper. Special attention to the numerical solution of the Schrédinger equation is
given.
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Menelaou Street, Amfithea — Paleon Faliron, GR-175 64 Athens, Greece. This work was supported by
the research committee of the Democritus University of Thrace (TS MEAE Research Programs).
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For the numerical solution of the above problem many categories of methods have
been constructed (see, for example, [2-8] and references therein). Lyche [9] has de-
scribed a procedure for the construction of exponentially and trigonometricaly fitted
multistep methods.

For the numerical solution of the Schrédinger equation many research has taken
place the last decade (see [4,5,10-19]).

We write in a compact (matrix) form conditions that should be satisfied in or-
der to construct a modified Runge-Kutta—Nystrém method of any order fitting to ex-
ponential and trigonometric functions. Modified Runge-Kutta—Nystrém methods are
presented in section 2. In section 3 the conditions for the exponentially-fitted Runge—
Kutta—Nystrom Dormand et al. method [1,16] are presented. In section 4 the condi-
tions for the trigonometrically-fitted method are described. In section 5 amodified RKN
method is constructed (both trigonometrically and exponentially fitted versions) based
on the 8th order method of Dormand et a. [17]. In section 6 an error analysis is pre-
sented. Some numerical illustrations are presented in section 7. We note here that the
procedure for the construction of the exponentialy-fitted and trigonometrically-fitted
Runge-Kutta—Nystrém methods is different from that described by Lyche [9] for multi-
step methods.

2. Exponentially and trigonometrically fitted Runge-K utta—Nystr m methods

The general form of the modified m stage method for the equation (1) is:

0
Mf, ) = Up—1,

i-1
u,(f) =u, 1 +a;gihi, 1+ h? Z Yii fis
j=0
where
fi = f(tos + aih, u))
and
Uy =Un—1+ ity + h? icjfj’

Jj=0

m
=11 +h Y ¢ f,

j=0

ag=0anda, = 1
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Table 1l
The m-stage modified Runge—K utta—Nystrém method.
0
ai| 81| Y10

az | 82| v2o Y21

Am | 8m| Ym0 VYml " Vmm—-1

o €1 ' Cm_1 Cm
4] c Cm—1 Cm
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The above expression is equivalent with the well-known Butcher table (see ta-
ble 1). The new parameters g;, i = 1(1)m are to be estimated. One can see that for g;,

i =1 ...,m,equa to 1the method isthe classical RKN method. The condition

i—1 1 )
S =3
j=0

for the classical RKN method is no longer valid, so we aso have to estimate y;;_1,
i = 1(L)m. Also the FSAL assumption is not made here so we have to estimate cg, ¢, _1

and ém—Z’ ém—l-

In order to write the method in matrix form, we define the following matrices of

size(m+1) x (m+ 1):

0 o ... 0 0

yvo O ... 0 0

=] Yo Ya ... 0 0
Ym0 VYmi -+ Vmm—-1 O

A=diag(0, ay, ..., an);
and vectors of length (m + 1):
g=0g1....8n",
c=(cg,C1,y..., cm)T,
é = (éO, él’ LR ] ém)T’
e=1,1,...,D7;
also define the stages vectors of length (m + 1):

u, = (1

Now the method can be written as follows:
u,=uy_1e+ Aghit, 1+ hZFL
f= f(t,,,le + Aeh, ﬁn)

1 T
nu,i)u,([”) f=fo fu, ...

2
3)
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and
Uy =Uy_1 + hity_1 +h?cT f, 4

iy =tty_1 + hé' f. (5)

This formulation of the modified RKN method is the one that we are going to use in the
rest of the paper.

3. Exponentially-fitted RKN method

Definition 1. A modified RKN method of the form (2)—(5) is called exponentially fitted
if al stages of the method integrate the functions

u(t) = exp(xvr).

Theorem 1. The modified RKN method of the form (2)—(5) is exponentialy fitted if
the following conditions are satisfied:

exp(Aew) = G(e + Agw), (6)
exp(—Aew) = G(e — Agw), (7
expw =1+ w + wG(e + Agw), ()
exp(—w)=1—w+ wch(e — Agw), 9
expw =1+ weG(e + Agw), (10)
exp(—w) =1+ wcG(e — Agw), (11)

where G = (I — w?T)tand w = vh.

Proof. We shall provefirst (6), (8) and (10) the rest follows similarly.
Let

u(t) = exp (vt)

then
“
dut)y
" =vu(t).

Assume that the method is exact for u(z) att = ¢,_1, that is,

Up—1=u(t),
Uy_1 = vu(t).
From equation (3) we have that
f = ftare + Aeh,u,) = vu,,.
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Substitution in (2) gives
uw, =u,_1e + Aghii,_1 + th(vzgn) =
u, =u(t)e + Agwu(t) + w?(Tu,,); (12)
on the other hand, we want the method to be exact for u(¢) at t = ¢, at al stages, that is,
u,= u(v(te + Aeh)) = exp(v(te + Aeh))
= exp(vt) exp(Ae)vh) = u(t) exp(Aew).
Substitution in (12) results
u(t) exp(Aew) =u(t)e + Agwu(t) + wzFu(t) exp(Aew) =
exp(Aew) =e+ Agw + w?l exp(Aew) =
(I — wT) exp(Aew) =e + Agw =
exp(Aew) = (I — w?T) (e + Agw).

The matrix (I — w?T") is unitary low triangular hence invertable. This proves (6). In
order to prove (8) we substitute the function u(z) in (4)

u(t +h) =u(t) + wu(t) + wou(t)(c exp(dew)) =
u(t) expw =u(t) + wu(t) + w’u(t)(c exp(dew)) =
expw=1+w + wz(c exp(Ae)w).
Applying similar arguments to (5) we have
vu(t + h) =vu(t) + hv’u(t) (¢ exp((Ae)w)),
expw =1+ w(¢ exp((Ae)w)),

and (10) follows.
The proof of (7), (9) and (11) follows if we apply the same arguments for the
function u(z) = exp (—vt). O

It isnot obvious how we construct the method from equations (6)—(11). Evaluation
of the matrix G involves matrix inversion, though this can be avoided by noticing that I'
isstrictly low triangular so it has all eigenvalues equal to zero. It iswell known then that

G = (I—wZF)_:L: [+w2F+w4F2++w2"F"+
Also notice that since
"1=0 and I'"A=0

we can write

m
G=(-wT)™" =1 +wT+wT?+ - +u?T" =) w?r'. (13
i=0
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Then equation (6) can be written as

exp(Aew) =G(e + Agw)

= (Z wZiF’)(e + Agw)
i=0
m—1

= i wZi(Fie) + Z w2i+1(FiAg).
i=0

i=0
Working similarly equations (7)—(11) can be written as

m—1

exp(—Aew) = Z w2i(Fie) N Z w2i+1(l—wiAg)’
i=0 i=0
m m—1
eXxpw = 14+ w+ w2 Z (CTFie)wZi + w2 Z (CTFiAg)wZi—I—l’
i=0 i=0
m m—1
expw=1+w Z (¢TTe)w? +w Z (¢TI Ag)w? 1,
i=0 i=0
m m—1
eXp(—w):l—erwZZ( TF’ 2 wZZ TF Ag 21+1’
i=0 i=0
m—1
exp( w) =1—w Z TFZ w21 +w Z TF Ag) 21+1
i=0 i=0

Equation (6) is a vector of equations with m components and so is (7). Since the
matrix G is a unitary low triangular matrix of the form (13) it follows that line i of G
involves the parameters y, ; with j < k < i only. That is, g1 and y10 appear aone
in the second component of each (6) and (7) and we can solve the two equations for
these parameters. Then in the third component of each of (6) and (7) the parameters
that appear are g1, g» and y19, y»21 from which we can evauate g, and y»;. We procced
similarly until al g; and y; ; are evaluated.

Equations (8) and (9) are solved for ¢g and ¢,,_;. Findly, ¢,,_» and ¢,,_, are
evaluated from equations (10) and (11).

4. Trigonometrically-fitted RKN method

Definition 2. A modified RKN method of the form (2)—5) is called trigonometrically
fitted if all stages of the method integrate the function

u(r) = exp(ive), wherei = +/—1.
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Theorem 2. The modified RKN method of the form (2)—(5) is trigonometrically fitted
if the following conditions are satisfied:

cos((Ae)w) = Ge, (14)
M =GAg, (15)
cosw =1 — w?cGe, (16)
SinTw =1—w?cGAg, an
cosw=1— w?¢GAg, (18)
SN _ Ge, (19)

w

where G = (I — w?T)tand w = vh.

Proof. Let
u(t) = exp(ivt) = cos(vt) + i sin(vt)
then
du . . .
T =lvu(t) = —vsn(vt) + Iv cos(vt),
d?u(r) ) ’ 5.
oz = —vu(t) = —v°cos(vt) — iv-sin(vt).

Assume that the method is exact for u(z) att = ¢,_1, that is,
Up—1 = M(t), ﬂn—l = (iv)u(t)-
Working similarly with the exponentially fitted case we have that

u(t) exp(iAew) = u(r)e + iAgwu(t) — w?Tu(r) exp(Aew) =
cos(Aew) + i sin(Aew) =e +iAgw — w?T (cos(Aew) + i Sin(Aew)).

From this we have the following two equations:

cos(Aew) = e — w?l" cos(Aew),
sin(Aew) = Agw — w?l" sin(Aew),

and

(I +w®T) cos(Aew) =e,
(I +w®T) sin(Aew) = Agw,

so equations (14) and (15) follow. Equations (16)—(19) follow by applying similar argu-
ments. O
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We can write similarly that
G=(I+w¥) "= i(—l)iniFi. (20)
i=0
Then equation (14) can be written as
cos(Aew) = Ge = i(—l)iniFie.
i=0
Working similarly equations (15)—(19) can be written as
Zm:<_1),»w2,~ (I Ag) = % sin((Ae)w),

i=0

1- wZZ( Diw cF’ —COSw,

m—1
1-— wZZ( Diw? (I Ag) = Sm—w,

w

Z( 1w (erie) = 30

m—1

1- wZZ( Diw CF Ag)—COSw

5. Themodified RKN method of 8th order

We will construct exponentially and trigonometrically fitted eight-stage RKN
methods based on the well-known RKN method by Dormand et al. [17] of algebraic
order 8 as shown in table 2.

The coefficients of the modified trigonometrically and exponentially fitted methods
as well as their Taylor expansions are given in appendices A and B at the end of the
paper. The coefficients of the 8th order modified method would aso be available on the
following URL address: http://kastoria.teikoz.gr/gr/tei/de/ep/kal ogiratou

6. Error analysis

Substituting the coefficients obtained to the order condition equations for the 8th
order Runge—K utta—Nystrom method (see for more details [1]) and taking Taylor expan-
sions we have the results given in appendix C. We note that the order conditions are the
same with the order conditions of aclassical Runge—-Kutta—Nystrom method if w = 0.
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Table 2

The 8-stage 8th algebraic order Runge—Kutta-Nystrom (Dormand et a.) method.

1 1

20 800

e 1 1

10 600 300

3 9 =9 9

10 200 100 100

1 —66701 28325 —2665 2170

2 197352 32892 5482 24669

7 227015747 54897451 12942349 —9499 539

10 304251000 304251000 10141700 304251 9250

9 | =1131891597 41964921  —6663147 270954 —108 114

10 901789000 12882700 3220675 644135 5875 1645

1 13836959 —17731450 1063919505 —33213845 13335 705 1645
3667458 1833729 156478208 39119552 28544 14272 57088

1 223 0 1175 925 4 925 1175 0
7938 8064 6048 248 14112 72576
223 0 1175 925 4 925 1175 0 o0
7938 8064 6048 448 14112 72576
223 0 5875 4625 41 4625 8875 223
7938 36288 21168 224 21168 36288 7938

7. Numerical results

In this section we present numerical results of the application of the new proposed
method in the resonance problem of the radial Schrédinger equation and in some related
problems. The method used for numerical comparison is the Runge—K utta—Nystrom of
eigth order by Dormand et a. [17], we refer to this method by RKN8,

7.1. Resonance problem of the radial Schrodinger equation

We consider the numerical integration of the radial Schrodinger equation

I+ 1
V() = [ (; ) v —kﬂy(x). (21)

Equations of this type occur very frequently in theoretical physics and quantum
chemistry (see, for example, [18,19]). In (21) the function W (x) = I(I + 1)/x? + V (x)
denotes the effective potential, which satisfies W (x) — Oasx — oo, k? isareal number
denoting the energy, [ is a given integer, related to the angular momentum and V is a
given function representing the potential. The boundary conditions are:

y(0) =0 (22)

and a second boundary condition, for large values of x, determined by physical consid-
erations.
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In the asymptotic region the equation (21) effectively reduces to

I+1
v+ (1= 2 )y =0 (23

for x greater than some value X, where X defines the asymptotic region.

The above equation (23) has linearly independent solutions kxj; (kx) and kxn, (kx),
where j;(kx), n; (kx) arethe spherical Bessal and Neumann functions, respectively. Thus
the solution of equation (21) has the asymptotic form (when x — o0)

y(x) ~ Akxji(kx) — Bn;(kx)
kx —ml kx — nl}

+ tan §; cos

~D [sin (24)

where §; is the phase shift which may be calculated from the formula

tans) — Y(x)S(xip1) — y(xip1)S(xi) (25)

Y (i) C(xp) — y(xi) C(xiy1)

for x; and x; 1 distinct points on the asymptotic region (for which we have that x; ; is
the right-hand endpoint of theinterval of integration and x; = x;.1 — &, h isthe stepsize)
with S(x) = kxj; (kx) and C(x) = kxn;(kx).

We evaluate the phase shift §, from the above relation at x; in the asymptotic region.

7.1.1. The Wobods-Saxon potential

Asatest for the accuracy of our methods we consider the numerical integration of
the Schrodinger equation (21) with [ = 0 in the case where V (x) is the Woods-Saxon
potential:

up _ uo
1+2) a(l+2)?

with z = exp[(x — Rg)/al, ug = —50, a = 0.6 and Ry = 7.0.

For positive energies one has the so-called resonance problem. For this problem
and for the potential mentioned aboveit isknown (see[10]) that § = /2. So, in our case
and for each of the four known energies (resonances) we calculate the phase-shift using
the two numerical methods. In the following table we present the absolute error which is
the absolute value of the difference of the computed phase-shift and the theoretical value
(which is equal to /2). The empty area in the table indicates that the error is greater
than 1. The boundary conditions for this problem are:

V(x) =Vwkx) =

(26)

y(0) =0,
y(x) ~cos[VEx] forlargex.
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The domain of numerical integration is [0, 15].

RKN8

E

=

New

53.588872

163.215341

4.6-10°
7.0-10°7
26-10°8
9.6-104
1.8-10°°
2.7-1077

6.4-
8.2.
91.

8.4.
6.5
7.3.

10°°
108
10— 10
10°°
108
10-10

1.8-102 26-10°
19.-10% 37-1077
28-10% 7.1.10°

33.10*
58.10°% 4.1.-10°°
77-10° 18.10°8

341.495874

989.701916

Yl Bl o= G- Bl ol Bl 5k ol Gk 5| ok

For the purpose of obtaining our numerical results it is appropriate to choose v as
follows (see for details [10]):

=50+ E forx e[0,6.5— 2h],
/-375+E forx=65—#,
v={/-254+E forx=86.5, (27)
=125+ E forx =6.5+h,
VE for x € [6.5+ 2h, 15].

7.2. Related problems

We consider two problems with periodic behaviour. Results are presented with
stepsizes from h = 1.0to h = 5.0. For each stepsize i the maximum absolute error is
given.

7.2.1. An orbit problem studied by Stiefel and Bettis
We consider the following “amost” periodic orbit problem studied by Stiefel and
Bettis [20]:
7" +z = 0.001€",

2(0) = 1, Z/(0) = 0.9995i, z e C, (29)

whose analytical solution is given by
z2(x) =u(x) +iv(x),
u(x) =cosx + 0.0005x sinx,
v(x) =sinx — 0.0005x cosx.

u,v ek,
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The solution represents motion on a perturbation of acircular orbit in the complex
plane.
We write the above equation in the equivalent form

u” +u=0.001cosx, u(0) =1, u'(0)=0,
v +v=0.001snx, v(0)=0, v(0) = 0.9995.

The equivalent system of equations has been solved numerically for 0 < x < 100. For
thisproblem v = 1.
Results for component y:

h RKN8 New
10 21230-10° 4.3881-10°%
20 4.9200-10% 1.3276-10°%

3.0 0.0108 0.0012
4.0 0.1846 0.0016
5.0 0.0559

The results for the component z:

h RKN8 New
10 20066-10° 4.2502-10°8
20 5.1183-10% 1.389-10"*

3.0 0.0105 0.0013
4.0 0.1696 0.0014
5.0 0.0632

7.2.2. Two-body problem
We consider the following system of coupled differential equations which is well
known as two-body problem:

A &
y = 21 .2\3/2° z = 21 .2\3/2°
(y*+z9) (y*+z9)

y0 =1, y0=0 200=0, 70 =1,
whose analytical solution is given by
y(x) = cos(x), z(x) = sin(x). (29)

The above system of equations has been solved numericaly for 0 < x < 100. For this

problem v = /1/r, wherer = \/m
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Results for component y:

h RKN8 New

10 6.8394-10% 20507 108
20 0.2533 1.8027- 10713
3.0 1.4003 - 1012
4.0 9.0836 - 10°°

Results for component z:

h RKN8 New

10 6.1083-10% 20040-10 B
20 0.2333 2.0589 - 10713
3.0 5.4501 - 1073
4.0 1.7736-10°°

We note here that the empty areas in the previous tables indicate that the error is
greater than 1.

Appendix A. Coefficients of the trigonometrically fitted method

g1=20sin(w/20)/w,
g2 = (1200 — w?) tan(w /20)/(60w),
g3 = sec(w/10)(18w? sin(w/20) + (200 — 9w?) sin(w/10) + 200sin(w/5))/(60w),
g4 = 5e¢(3w/10)((197352 + 95940w?) sin(w /5) + (197352 + 66701w?) sin(3w/10)
— 169950w? sin(w/4)) / (98676w),
g5 = sec(w/2)((304251000 + 9499000w?) sin(w/5)
— 388270470w? sin(2w /5) + 548974510w? sin(9w/20)
+ (304251000 — 227015747w?) sin (w/2))/(212975700w),
g6 = Sec(7w/10)((901789000 + 16577568w?) sin(w/5) — 379335600w? sin(2w/5)
+ (901789000 + 1131891597w?) sin(7w/10) + 1865681160w? sin(3w /5)
— 2937544470w? sin(13w/20)) /(811610100w),
g7 = 5eC(9w/10) (469434624 sin(w /10) + (469434624 — 1771130752w?) sin(9w/10)
+ w?(23188860sin(w/5) — 219307410sin(2w /5) + 398566140sin(3w/5)
— 3191758515sin(4w /5) + 4539251200 sin(17w/20)))/ (469434624w),
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gs = — sec w(w?(8225sin(w/10) + 33300sin(3w/10) + 46494sin(w/2)
+ 77700sin(7w/10) + 74025sin(9w/10))
+ (—508032 + 14272w?) sinw) /(508032w),
y10= (1 — cos(w/20)) /w?,
y21=sec(w/20)((1 — cos(w/10)) /w? — 1/600),
y32 = sec(w/10) ((1 — cos(3w/10)) /w? + (—9 + 18 cos(w/20)),/200),
yas = sec(3w/10) ((1 — cos(w/2)) /w?
+ (66701 — 169950 cos(w /20) + 95940 cos(w/10))/197352),
ysa = sec(w/2)((1 — cos(7w/10)) /w?
+ (—227015747 + 548974510 cos(w/20)
— 388270470 cos(w/10) -+ 9499000 cos(3w/10)) /304251000),
Yes = Sec(7w/10) ((1 + cos(9w /10)) /w?
+ (1131891597 + 2937544470 cos(w/ 20)
+ 1865681160 cos(w/10) + 379335600 cos(3w/10)
+ 16577568 cos(w/2)) /901789000),
y76 = SeC(9w/10) (1 — cosw) /w? + (—1771130752 + 4539251200 cos(w /20)
— 3191758515 cos(w/10) + 398566140 cos(3w/10) — 219307410 cos(w/2)
+ 23188860 cos(7w/10) — 469434624 cos w) /469434624),
yer =Ssecw((1 — cosw)/w? — (14272 + 74025 cos(w/10) + 77700 cos(3w/10)
+ 46494 cos(5w /10) + 33300 cos(7w,/10) + 8225 cos(9w/10)) /508032),
co=cscw(— cosw/w + sinw/w? — w?(8225sin(w/10) + 33300sin(3w/10)
+ 46494 sin (5w /10) + 77700sin(7w/10) + 74025sin(9w/10)) /508032),
cg =cscw(1/w — sinw/w? — (74025sin(w/10) + 77700sin(3w/10)
+ 46494 sin(5w/10) + 33300sin(7w/10) + 8225sin(9w/10)) /508032),
¢e = csc(w/10)(1/w — cosw/w — w(55500sin(3w/10) + 46494w sin(5w/10)
+ 55500 sin(7w/10) + 41125sin(9w/10) + 7136sinw)/254016),
¢7 = csc(w/10)((— cos(w/10) + cos(9w/10))/w + w (55500 sin(w/5)
+ 46494 sin(2w/5) + 55500sin(3w/5) + 41125sin(4w/5)
+ 7136 sin(9w/10)) /254016).
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For small values of w the above formulae are subject to heavy cancellations. In
this case the following Taylor expansions must be used:

glzl—%+lglg—io5+o(w6), V10=ﬁ)—ﬁ02000+#;107+0(w6)’
g2:l+%1405+0(w6), V21=ﬁ)+19’5—107+0(w6),

g3=1+ g6 +O(u°). vee=1 + gy +O(w°).

g=l- Z 10, = F5 ke + O(u).
Go= 14 SEIE L Of), s 5B+ IR 4 ()
so=1- Ste +O0(w°).  ves= i — ety +O(w°).
gr=1+ oo +O(0).  vre= s + ammasaagioo + O(w°),

gs =1+ O(w?®), yar = O(w?),

co= 729—23% + O(we), c8=O(w6),

C6 = 35785 + O(w°), ¢7= 735 + O(w?).

Appendix B. Coefficients of the exponentially fitted method

B 106710/20(—1-1— ew/lO)

gl - ’
w
efw/20<_1+ ew/20)2

Y1i0= 202 )

(=14 e19(1200 + w?)
2= T+ ey

B efw/20(300 _ 600ew/10 + Sooew/S _ ew/lOwZ)
va= 300(1 + e/10) 2 ’

1

g3 (e7/1%(—1+ €"/%) (200 + 400e"/* + 400e"/®

~ 60(1 + e*Syw
+ 20063111/10 + gew/lowZ _ 1863w/20w2 + gew/SwZ))’

3 9
= = 1 — g 3w/10 1 — 2e%/20),2
V32 ( w( + 200( )w

3 310 , L w/20\ . 2 3 w0 3, 3 0.3
+—w<l—e +ﬂ)(9—18€ )w Ee w +Ee w ),
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84=

V43 =

85 =

86 =

V65 =

87=

Ve =

~ 152125500(1 + e)w?
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1
98676(1 + /5w

(197352(—1 — e"/10 4 /2 4 g/5)
+ (66701 — 169950e"/%° + 95940e"/'% — 95940e"/?

+ 169950e/20 — 66701e3w/5)w2>,
1

98676(1 + e3*/5)w?
+ €2"/3(47970 — 84975e"/%° + 66701e"/10 — 84975€*"/%° + 47970€"/°)w?)),

1

212975700(1 + €”)w
+ 7(—32430821(1 — €") + 78424930(e"/*° — /%)

— 55467210(e*/1° — €7/1%) + 1357000(>*/1° — e"/1%))w?),
1

(e7"/5(98676(—1 + &"/?)?

(304251000(—1 — €%/10 . /10 4 )

(e7/3(152125500( —1 + €"*/10)?

+ 7?"/(678500(1 + €**/%) — 27733605(e"/> + €*/°)
+ 39212465(e"/* + ™/%0) — 32430821*/%° + )w?)),
1
811610100(1 + €"/%)w

— 3(—377297199(1 — €™/°) + 979181490(e"/*° — &""/%)
— 621893720(e"/10 — e*/10) 1 126445200(e*"/10 — H/10)
— 5525856(€"/2 — e™/1%))w?),

1
450894500(1 + €7/%)w?
+ 3€"/°(2762928(1 + ") — 63222600(€"/® + e/°)

+ 310946860(€™"/° + /%) — 489590745(™"/%° + gH1»/20)
+ 377297199¢"/?)w?),
1
469434624(1 + /%) w

+ (—1771130752(1 — €”*/°) 4 4539251200(e"/* — e"/*)
— 3191758515(e"/'0 — e""/1) + 398566140(>"/1° — &¥*/?)
— 219307410(e"/? — "*/1%) 4 23188860(e"/1° — /%)) w?),

1
469434624(1 + €9/%) w2
+ €"/5(23188860(1 + €™/°) — 219307410(€"/® + /%)
+ 398566140(*"/® + €”) — 3191758515(€/° 4 €"/°)
+ 4539251200( ™"/ + ¥"/%) — 3542261504e™/10)w?),

(901789000( 1 — €"/2 4 €*/20  &7/5)

(450894500 /5 (—1 + €7/19)?

(469434624(—1 — €"/5 + & 4 €/5)

(4694346246 /10 (—1 + &)’
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(508032(—1+ € + (—14272(1 — &)

8= 508082(1 + *)w

_ 74025(ew/10 _ ele/lO) _ 77700(e3w/10 _ e17111/10) _ 46494(ew/2 _ e3w/2)
_ 33300(e7w/10 + e13w/10) _ 8225(e9w/10 _ ellw/lO))wZ)’

1
508032(1 + €2*)w?
+33300(e"/® + /%) + 46494(e?"/> + €™/%) 4 T7700(*/° + 2/7)
+ 74025(e™/° + &”) + 28544e™/1%) w?),

1
508032(—1 + €2*)w?
+ €/10(—1 4 €"/°)(74025(1 + €¥"/°) 4 151725(e"/° + €™/°)
+198219(e"/5 + €%/5 + 231519(€*/° + &) + 239744e""/%)w?),

1
508032(—1 + €2*)w?
+ e/10(—1+4 €"/°)(8225(1 + €°*/°) + 41525(e"/> + e"*/?)
+88019(e"/5 + €%/5) + 165719(e*"/® + €”) + 239744e™/%)w?),

e—9w/10
254016(—1 + e*/%)w
+ 41125(ew/10 _ e1€4)w/10) + 55500(e3w/10 + e7w/10 _ e13w/10 _ e17w/10)
+ 46494(€"/? + /%)) w),

yar = (508032(—1 + €”)* — €"/10(8225(1 + €”/5)

(508032(—1 + €*) — 508032w (1 + )

co=—

cg=— (—508032(—1 + ) + 1016064we”

éo = (—254016(—1 + ) + (7136(1 — &)

7= 127008w (

254016 + 3568w + 198619w cosh( % ) + 143119w cosh((%)

2
+ 96625w cosh(%) + 32(7938 + 223w)<cosh (%) + cosh <—w>

5
3w 4w Tw

For small values of w the above formulae are subject to heavy cancellations. In
this case the following Taylor expansions must be used:

w? w*10~°
=14+ — - 6
g1 +2400+ 12 +O(w )
w410~
O 6
72 o),
19w?*10~°
8

22843w? 6
1~ Te7asie00 T )

g=1+
g3=1+

84 =
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1585709274105
7302024
94109471w*10-5
86 = 7 T 3001848
7149859u% 3
$7=1+ gaoraeez00 T ")
g8 = 1- O(w6) s
223 3
708 + O

. 5875
¢6 = 35585 T OV )-

1 w? w?
_ O(w®
800 T 3820000 T 2e0eigr T O

417
! w10 +O(w6),

VA= 350 T o2
9 423w*10~7 3
ﬂ) + 764 + O(w )7
2170  17361w? 3
V4= Saee9 ~ 2s067aa000 T O )
539  1125844951w410~7

85 =

Co =

Y10 =

V32 =

Y54 = 9250 T siooses 0"
114 3422444871w*10~7 6

Y85 = 1645 8244928 O(w?).
1645  6547403w* 3

716 = 57088 * ae943462400 T O )"

yer = O(w?),

cg= O(we),
223

. L0 8
é7= 7938 + O(w )

Appendix C. Error analysis

Zc'l:1+o (w®),

chal_z (w8)

Z ; o(w?).
1
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T i 83809463767w* + o)

. .. P IS — w ’

Y4 = 24 T 213890413363200000

1
> éiat= =t O(w®),

5 L, 969983523799w* + o)
idiVijdj = =25 v
Y= 30 " 2138904133632000000

S 1, 3113253549097w* + O(u)
Vi =80 " 2277808267264000000 ’

3 éiaP =< —O(wd)
. 2 1 11995524793303w*
Z ¢id;vijaj =

36 * 21389041336320000000
1 35196334708777w*

aiyi] 2_ ~ O(w® ,
D Garyija; 75 T Zor780eo672640000000 T O

Sl 1 N 12156149664019w* O(w)
. .. = w ’
€Y1 = 120 T 12222309335040000000
S 1 N 76837027837w* + O(w?)
CYIYIKE =220 T 407410311168000000
1
3 éaf == —O(u),
S e = 1, 150763836787927w* 108 (w®
i 7ija; = 75 2133904133632 ’
Sy = 1, 404397742228009w* 108 O(u)
Giaiyijai = g 4277808267264 ’
S i = L 19174368276373w* 108 O(u)
cajyrja; = 140 174604419072 v
Syt 1 N 2027476918186189w* 108 o(w®)
i P— w ’
GiYija; =15 17111233069056
S iy 1, 10697178649891w*108 O(u?)
YUYk = ’
VLYK= S50 950624059392
5 " L 38028004665197w* 108 O(u)
. . .. = — w ’
CidiVijy JKA = ga5 1884272689152

5 L 10258877576513w'10°° | (%)
Y4V ik = 1560 475312029696

S — 1 , 150763836787927u'10°° | o(w)

Ci(vija))” = 505 6416712400896 ’

1
> dal =5 +0(w),
Sy = 1 4643305320576555u'10°9
4V = 96 4277808267264

229
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. . 1 21898151264637133w*10~° 6
2 &y = o 17111233069056 +O(w).
. s 1 257562771079233790427w*10~° 6
D éviiviai = 6720 s0208201272a0231872 T O
, , 1 1032721373184727w*10~° 3
D Gaiivinaf = 2880 T 8793272549376 O(w?).
, 1 500883763381891w*10° ]
2 EiYijai¥jrie = Taan + —igemiara O(w).
, , 1  333911962354493w*10 .
2 vija;yiva = 2032 T T 2851872178176 O(w?).
, , 1 203507025859w* 3
2 &) vya)) = 576 T Bo208e050112000000 T ")
D= % +O(w®),
Z cia; = % + O )
2 1 6
Zciai =5 + O(w®),
3 cia? = o5+ O(u),
1 109109w*
2 civija; = 26~ T7eaa72000000 T )
Zciafl =30 +0O(w®),
1 36439516751w* 3
2_ciaivija; = 180 ~ 330508592640000000 T ")
, 1 21501583163w* .
2 eivyd; = 360~ 226330061760000000 | O
Zciais =5 +O(w®),
, 1 489025219919w4108 3
D calvya; = 252~ 33950859264 O(w?).
, 1  832291986353w410°8 .
2% Yy4] = 55 ~ ——67o01718528 O(w).
, 1 1406564588269u*10 8 .
D civijd; = 840 ~ ~ 135803437056 O(w?).
, 1 553528731241w*10°8 3
2 <y jkai = 5040 418727264256 O(w?).

3 cia? = 2 4+ O(u?)
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1 5734621254479w*10~°

2 e} = g5 33050850264 O(w?).
1 1359020177543w410~
2 calvia; = 672 9700245504 +0(w?).
, 1 15697114153709w*10~° 3
D ciaivya) = 1126~ 13ssoaazrose T o)
, 1  8589323189287w*10 ]
2 ¥4} = Tea0 ~ 05363410 O(w).
1 4117366482839w*10~°
2_ <y ik = 20160 837454528512 O(w?).
, 1 6027300838841w410° 3
D iy jkax = 6720 418727264256 O(w?),
, 1 1676868283693w*10~° 3
2 civijajy jkag = 10080 1ass7smsarse T o),
, 1 5734621254479w*10 ]
2« a)* = 550 = —oreeaerres— + O(°):

1 1868919506911447w*10-°

.4 6
id; Yijdj = 75 O ’
D G470 = g5 + —izaomaiaaeas ()
Z o 3 1 n 1483479806729491w* 102 O( 6)
cacy;ia; = — we),
i = 160 1222230933504

1 44484093129033277w*10~°

D i} = 336 34220466138112 +0(w?).

L 1 814805800853509u410~° ]
2 &7V Yk = ga + —gremmremmemng—— T O(w°).

o 1 326649063550871w*10~° .
2 &¥iye¥jnak = 516 + —aoeemeseanes T+ O(0°):

, 1 897737909200561144571*10~ .
D Evayiy ke = gooas + — srossessaeatorriz T O
, , 1  1868919506911447u*10~° .
2 i) = 5e8 + — crrerioaoomes T O
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